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CONVERSION FACTORS, NON-SI TO SI (METRIC)
UNITS OF MEASUREMENT

Non-SI units of measurement used in this report can be converted to SI

(metric) units as follows: .. .. ,'

Multiply By To Obtain , ] '.

degrees (angle) 0.01745329 radians

feet O.3048 meters

gallons (US liquid) 3.785412 cubic decimeters 
. 

d

(litres) *.. . .

inches 2.54 centimeters :. -

kips (force) 4.448222 kilonewtons

kips (force) per 6.994757 megapascals ...

s q u a r e i 'n c h , - -"

megatons (nuclear 4.184 petajoules
equivalent of TNT) -

pounds (force) per 6.894757 kilopascals . -4. .%
square inch .4 ,

pounds (mass) 0.4535924 kilograms

pounds (mass) per cubic 16.01846 kilograms per cubic :% %
foot meter

.4 %
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DEVELOPMENT OF A THEORETICALLY SOUND CAP MODEL i.

FOR FITTING ISST-TYPE MATERIAL BEHAVIOR

INTRODUCTION

Incremental elastic-plastic constitutive models which include both an

ultimate failure envelope and a work-hardening yield surface -- or cap -- are

commonly used in ground shook calculations to simulate geologic material

behavior (Reference 1). The elastic shear modulus in the cap model is usually

formulated in terms of the second invariant of the stress deviation tensor
PJI and the plastic volumetric strain c kk " Such formulations, however,

cannot replicate the highly nonlinear bowl-shaped unloading stress paths that . .

typify ISST-type material behavior (Reference 2 and Figure 1).

In 1984, a cap model was developed in which the shear modulus was formu-
P

lated not only as a function of J2' and kk but also as function of the

third invariant of the stress deviation tensor J1 (Reference 3). Although

this model fit the recommended ISST material properties quite well, it did not

satisfy all of the vigorous theoretical constraints outlined by Dr. Ivan S.

Sandler of Weidlinger Associates as a prerequisite for use of a constitutive

model in explosive-induced ground shock and soil/structure interaction codes

(Reference 4). In order to satisfy these theoretical requirements and still

satisfactorily replicate ISST-type material behavior, a new cap model has been

formulated in which the shear modulus is expressed as a function of E kk and ,

the second invariant of the strain deviation tensor I; . In addition to its

theoretical soundness, the model has the advantage for finite element calcula-

tions of not requiring any additional storage since I" can be calculated

directly from displacements. Strain-dependent models also have an advantage a,..
over stress-dependent models in that they can be numerically incorporated into"

computer codes so as to be insensitive to increment size.

A general description of the strain-dependent cap model and the associ-

ated theoretical proofs follows.

GENERAL DESCRIPTION OF THE NEW MODEL A-

The basic premise of elastic-plastic constitutive models is the assump-

tion that certain materials are capable of undergoing small plastic (perma- ,

nent) as well as elastic (recoverable) strains at each loading increment. ,

1 ,,*% • Z~'*'l
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Mathematically, the total strain increment is assumed to be the sum of the

elastic and plastic strain increments; i.e.,

de = deE + de (I
ij ij Uj

where

de i components of the total strain increment tensor

E
de : components of the elastic strain increment tensorij

deii components of the plastic strain increment tensor

Within the elastic range, the behavior of the material can be described

by an elastic constitutive relation of the type

E
ij Cijkl (amn) kl 2).

where

Cijkl - material response function

do = components of stress increment tensor

The behavior of the material in the plastic range can be described within the

framework of the generalized incremental theory of plasticity. The mathemati-

cal basis of the theory was established by Drucker (Reference 5), who intro-

duced the concept of material stability; this concept has the following

implications:

1. The yield surface (loading function) should be convex in stress

space.

2. The yield surface and the plastic potential should coincide (which

results in an "associated" flow rule).

3. Work "softening" should not occur.

These three conditions can be summarized mathematically by the following

inequality

do dE 0 (3)
ij ii

2
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These conditions allow considerable flexibility in the choice of the form of

the loading function f for the model, which serves as both a yield surface ,..'

and the plastic potential. In general, the yield surface may be expressed as

f (a 1 =0 (4)
ijM

and for isotropic materials the yield surface may be expressed, for example,

as

f (j, , J K) 0 (5)

where

= nn = first invariant of the stress tensor

J= S S = second invariant of the stress deviation tensor

ij ij ijSj = ol - J/)6 = stress deviation tensor ...

6,j = Kronecker delta = ,
i0 1 j ;""

K = a hardening parameter 4-y

The hardening parameter K can generally be taken to be a function of the . "
V-.'°

plastic strain tensor c The yield surface of Equation 4 or 5 may expand % '

ij
or contract as K increases or decreases, respectively (Figure 2).

Conditions 1 through 3 above, taken in conjunction with Equation 4 or 5, %

result in the following plastic flow rule for isotropic materials:,".,,-
- .

,, 4 ' -,

P d a- if f =0

dc.. = (6)

13 0 if f < 0

where dA is a positive scalar factor of proportionality, which is non-zero -.-

only when plastic deformations occur and is dependent on the particular form ";

of the loading function.

3
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Elastic Strain Increment Tensor

For isotropic elastic materials, the strain increment tensor (Equation 2)

takes the following form

E d 1 1
dc -- 6 +-LdSi~j 9K ii 2G ijor (7)

do K dckE 6 + 2Gde
ij kk ij ij

where K is the elastic bulk modulus and G is the elastic shear modulus.

These moduli can be functions of the invariants of either the stress or the

strain tensor. Accordingly, it is assumed that K = K(J, , J2 , J4) and

G = G(J1 , J! , J4) or K = K(I , I" , I;) and G = G(l, , I , I) .

Equation 7 can be written in terms of the hydrostatic and deviatoric compo-

nents of the strain and stress increment tensors; i.e.,

E 1
dekk 3K(J 1,J', JI) dJ1

kk, 3K. a-*

deE = 2G(J 1, dSij (8)

or

E%dJ1 = 3K(I, II, II) dek

dS = 2G(I,, 14, 1,) deEj (9)
ij

where

dE = increment of elastic volumetric strain

E k..
de = elastic strain deviation increment tensor
ii

I4I
J 3 ij Sjk Ski -third invariant of the stress deviation tensor

I,- - first invariant of the strain tensor -. '

2 - ei eij - second invariant of the strain deviation tensor

I's e e e = third invariant of the strain deviation tensor
'3ij jk ki

4 NJ



In order not to generate energy or hysteresis within the elastic range, the

elastic behavior of the model must be path independent. The material should

then possess a positive definite elastic internal energy function W which is

independent of stress path. The strain energy function can be written as

Ll j Ef a ij d e ij

Ij J , dSI  , j.:.. a

(S J 6 ) + S ""i

f Sij 3 iJ K(J,, J, *J) ij

J J dJ1 + "dS

I 9K(J,-, J) dJ1 1 J3) i ij0 0J.,..... .. ,

d(J 1 ) dJ2 d

18K(JI, il J,1) f (10)Ii2-;j 1
; IK~j, J, J()+ o2G(J1 , J', J;)

In order for W to be independent of stress path, the integrals in Equation

10 have to depend only on the current values of J, and JI . Therefore, the

bulk and shear moduli have to be expressed as

K= K(J,)

G G(Jj) p * .

Similarly, the complementary strain energy function WD can be written as

wD iJ*', :- "~

w f C do0 ij dij

0

Lii
f (kk e ) K( , dE 6 2(I,,I, ) deE (12)

3~i ij,,[ kk ij 2GI 1 ~ I j
..,, ..-

..-....'
0. - --

" -" -.,' ' , --.-'- ' " " ", " - -, .. ....= . -< ..v , .. -- .. -'.; .. .. ..-- '. .€. .' -'. -< -.- -, .,: 2"5
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70 ".F

Substitution of Equation 1 into Equation 12 leads to
4N

Sj, + 2G(I6,Ie[,KI()d(dee--dedj) l

0 3 ij ij '' 1  kk kkij *** 2GI, I)(e -e j0
(13)

Pk P I
But dc and de equal to zero under elastic deformation. Hence

Equation 13 becomes _

wD ij-kk"

Df (-k 1+e )[K(I, I2,I')dc 6 +2G(I,,I;,I;)de] ]
0 j j kkij

£kk
1 2 2f 

~
f tK I I', ,' d[Ckk +j 2G (1 1 !)dj(4

0 0

*D
Equation 1I4 indicates that for W to be independent of the strain path, the.:

integrals in Equation 14 have to depend only on the current values of

I, and Il . Therefore, the bulk and shear moduli can also be expressed as

K = K(kk) -K(11 )

(15)

"G -"G(I1)

* It can be concluded from Equations 11 and 15 that the bulk modulus should be

* expressed as a function of either I, or J, and the shear modulus should be

related to either Il or JI . Further, K and G must always be

positive. Since during elastic deformation the hardening parameter K is

constant, the bulk and shear moduli can also be expressed as

.% ,K - K(J1 , oc) =K ,,,

G =G(J2ID #0) G(121, 0)

6
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Plastic Strain Increment Tensor

The plastic strain increment tensor is given by Equation 6 where the

loading function f is given by Equation 4 or 5. The hardening parameter In

Equation 4 or 5 could be taken as being equal to the plastic volumetric strain
P

C ; thus
* kk

= kk (7

The use of Equation 17 will allow the cap to expand as well as to contract, .

(Figure 2). The plastic loading criteria for the function f are given as

> 0 for loading

do = 0 for neutral loading (18)
@ij

< 0 for unloading

Because dej 0 during unloading or neutral loading, as well as for

f < 0 , Equations 7 and/or 8 and 9 are used to determine the purely elastic

strain changes. The prescription that neutral loading produces no plastic

- strain is called the continuity condition. Its satisfaction leads to coinci-

dence of the elastic and plastic constitutive laws during neutral loading.

.
1

-

Like the elastic behavior, the plastic stress-strain relation can be

expressed in terms of the hydrostatic and deviatoric components of strain.

Applying the chain rule of differentiation to the right-hand side of

Equation 6 yields

dJ @ J 1 i "'de = dX f i + ' a" -.RT

* or ij ij (19)
:- P (a 1 f )"''

"dc =dX (+ S,,.
ii ai a272 -T~rI

Multiplying both sides of Equation 19 by 6ij gives

de d 0) (20)

ail,,.

7" " * " ." .. ";",% ". """< " "-*. . ".". * -* .° .'" '" ,,: . -. "



The deviatoric component of the plastic strain increment tensor de can be
iT

written as

dej - de 1dEkk 6 (21)

ii ij 3 k ij

Substitution of Equations 19 and 20 into Equation 21 yields

#X

de d T f (22)
ij 2= D S j

',. .- ep _,

In order to use Equation 19 or Equations 20 and 22, the proportionality

factor dA must be determined. This can be accomplished in the following '

N. '

manner. From Equations 5 and 17 the total derivative of f becomes .,

df =t W + a- t1 dS + P dk 0 (23)
a il 2 Vo r ~~a-V'P i& e P ~kk

kkME

In view of Equations 8 or 9 and 20, Equation 23 becomes

G de E
3KdE 3f i f af af

EK de + des + 3 dAk 0 (214)
Kdkk 3J, WI'~T ij j .

akk ~-

Substituting Equation 1 into Equation 24 results in.. 0.
• .?

%0 f GP a af af %*3K(dckk - dck) f +;T (deij - def)-)JSJ =-3 dA -J P (25) A .4

akk

8,...
.: - , ,

"* 
*% , % % ", •'% % ,-"A % %%"

A ,. . . ' " "'. ,. . . " ";e " ",, ' ' ", , . ,"''''',:,';.,.'.,...,,,.,,.''...,'.". .','



or

3K de G If S de P I G If s e
kk ail -V7 i j kkJ,- -+ V7y, S ij deji

-3 dA LL f (26)

P P
Substituting the values of de and de from Equations 20 and 22, respec-

tively, into Equation 26 yields

3K d G f de 9K dA G dA If

Kk _J_ il-"

3 d(28)
*Ii aJ1  p3kk

Solving for d gives

3K i-fdc + G If S do
iJ1  kk V "'5~ ij ij

*Tota Sta stancrement sroroband ycminn qutos ,

1 , 7, 19, and 28(: 
8

9K 
"+ 

G 3 L: a

a .5. a ,,,
,.--

9
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dJ1  dS
dcIji 9§K ij +  2G

G 3f

F3K If- d + S demn
f 6 i +  I af si (29)

L9K ( a + G 3t af af j 2VL +G

Similarly, the stress increment tensor can be written as

do - K dkk 6,j + 2G detj

a3 1  kk "T mn mn f -3

(K i 6 + G am (30)

9K + G (3 p k

Equation 29 or Equation 30 is the general constitutive equation for an

elastic-plastic isotropic material. To use either of these equations it is

necessary only to specify the functit.al forms of K , G , and f and, of

course, to determine experimentally the numerical values of the coefficients

in these functions.

Behavior in Tension

The tension cutoff is triggered in this model whenever the following

relation is satisfied:

- T > 0 (31)

in which T is the maximum value that the mean hydrostatic tension can

attain. The volumetric strain which occurs during tension is computed from

the following relation:

P05

T - T
Skk = K (32)

i ".

".10 -,',"-4 -
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J,
where K is the bulk modulus of the material at - - T (Figure 3).

i
Upon reloading, the material stays in the state of tension until the

volumetric strain computed by Equation 32 is completely recovered.

EXAMPLE MODEL FIT FOR ISST LAYER 2

To illustrate the new model's capability for fitting ISST-type material

behavior, selected mathematical forms of the various response functions were

used to fit the material properties for ISST Layer 2 shown In Figures 14

through 10. In the following model response functions, tension is considered 'J"-Jr

positive. *.

Yield Conditions

The yield conditions consist of an ultimate failure surface of the form

2
,f- F(JI, VP)- = - [A - Cexp(BJ, - BIJ, )] = 0 (33)

and a work-hardening cap of the form

p 2 2 2 .'

H(J, , , )  (J) - L) (X L) = 0 (34)

wherei J- first invariant of the stress tensor

2J - second invariant of the stress deviation tensor

A, B, Bi, and C = material parameters (constants)

C kk plastic volumetric strain

L(e ) and X(c) = respectively, the values of J1 at the center of thekk kk1
cap (Equation 34) and the intersection of the cap with

the J, axis, and are related as: *--'

2 1

A - X = REA - Cexp(Bt - Bit )A (35)

where R is the ratio of the major to the minor axis of the cap and is given

by: ON

R- R 4-1 1-R'4.exp(R5.L) (
R 1-R + R4+1 1 +R4.exp(R5.L) J

11V %
.I N %.

ii... ..W - ,



where RO, q1, R2, R3, R4, and R5 are material parameters (constants), and

a n :(ck) if ,(ck) S 0

T (hren func (37)

p .- .

0 if t(Ckk) > 0 ,-I

Hardening Function

~The hardening function is chosen to be %,.

EP - W[exp (D.L)-l-D. L-L.exp (D1. L-L) 1 -D2. LL • exp (D3.H (38) ' .w

in which

LI. L - U (39)

where g
W, D, D1, D2, and D3 - material constants.

W in Equation 38 defines the maximum plastic volumetric compaction that the

material can experience under hydrostatic loading. The numerical value of

U is the solution of the following equation

H - R[A - C.exp(B.ri - B1.U ) = 0 (40)

Bulk Modulus

The bulk modulus was taken to be a function of the plastic volumetric

strain and the first invariant of the stress tensor

F pxp5 -(.

-K,.x(K. k)| l "xp(K2. E k
( k-) Ift~IJICkkJ ~) + KK 4 .exp(K5.ckk

- kk 1+ **. t* *

K6M -K7 . e x P(K8.DSJI) (41)
x U I 6 +K7exp (K8. DSJ1I )

in which *42,;

K K6.RKJLRKJ (42) ..
KM RKJ

12
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K67 = K6M(I-KT) (43)1+K?

RKJL = min(J1,RKJ) (44)

_RKJLJ- J1,]

DSJ1 - max 0 0 (45)

where KI, K1, K2, K3, K4, K5, K6, K7, K8, and RKJ are material parameters

4 (constants).

Shear Modulus

The shear modulus was taken to be a function of the plastic volumetric
strain and the second invariant of the strain deviation tensor:

G(YVT.eP) -max [1.1 'kk .JI'kk (1G.exp(2t)I

1-G4"exp(G5•' k ) r-

+ G3 (+ I .G (S J •exp(-G6.DI2), G7 (46)

1+G4.exp(G5.ck)/

in which

D12 = (SL- T) - n 1

2
G10(G11+ kk) .exp [G12 (G11+ P C)] (47)

where

GI, G1, G2, G3, G4, G5, G6, G7, G8, G9, G10, G11 and G12 are material

parameters (constants). SL and £kk in equation 47 are given by

SL - max [SL, VIT] (48)

13 .:. >,, ,
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P P 1P
I- it 8 UOG1 3 uI%Ikk kk

=e G if -G8 > Ek (49) O

1 P
-G3if - G13 < Ekk

where G13 is a material parameter and the Initial value of SL is zero.

Numerical Values of Fitting Parameters

The above model includes a total of 39 fitting parameters (or material

constants); the numerical values of these parameters used to fit the material

properties specified for ISST Layer 2 are given in Table 1. Figures 11-21

depict the stress-strain and strength behavior predicted by the model; the
plot scales permit direct comparison with the material property plots given in A\

Figures 4-10.
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Table 1. Numerical values of fitting parameters for ISST Layer 2.

Model Fitting Parameters Numerical

Name Notation, Unit Value

Bulk Density p g/cm
3  1.90

A , MPa 173.2051

Failure ,~001PalureB (MPa) - T  0.0013 ".e ".

Envelope
Parameters BI (MPa)

-2  12 x 10
-7  • '

C *MPa 172.9164%

eo -- 2.5

R -- 0.0
.% J. %

R2 (MPa) - I  0.0 , ..

R3 2000.0 .%% % "

Hardening R1, -- 1.5 x 10T -.

Yield R5 (MPa)
- I  

0.02
Surface R5--- 00
Parameters -- 0.22

D (MPa)
-1  0.0105

Dt (MPa)
- 1  0.0145

D2 (MPa)
- 2  0.00015

D3 (MPa)
1  0.04 

%

K1 MPa 2000.0

K2-- 2.0

K3 MPa 105 N"

Bulk K4 -- 2000.0

Modulus K( - 21.3
Parameters

K6 .-- 0.0e . .,

K7. -- 10
5  ,

K8 _ - 15.0 .e,.p

RKJ MPa -1500.00

GI MPa 1500.0
G1 -- 0.9 .-.- . .

G2 -- 2.0

03 MPa 0.75 x 105

G4 -- 2000.0 .. •

G5 -- 22.5 ,. ,.

Shear %

Modulus 0
Parameters 07 4-- 00.0

G8 .-- 0.219829

G9 -- 0.063

G1O -- 12000.0

Gil11 - 0.163

G12 -- 120.0

Gt3 0-- .185

15 .-.. ,..'S
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